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DUALITY FOR A COHEN-MACAULAY LOCAL RING
MOHAMMAD ALI ESMKHANI AND MASSOUD TOUSI
Abstract. Let (R,m) be a Cohen-Macaulay local ring. If R has a canonical
module, then there are some interesting results about duality for this situation.
In this paper, we show that one can indeed obtain similar these results in the
case R has not a canonical module. Also, we give some characterizations of com-
plete big Cohen-Macaulay modules of finite injective dimension and by using it
some characterizations of Gorenstein modules over the m-adic completion of R are
obtained.
1. Introduction
Throughout the paper, R will denote a commutative Noetherian local ring with
nonzero identity and maximal ideal m. Unless stated otherwise, the notation will
be the same as used in [2]. When discussing the completion of R or a module over
R, we will mean the m-adic completion.
The canonical module of a Cohen-Macaulay ring gives a useful technical tool in
commutative algebra, algebraic geometry, and singularity theory via various duality
theorems. Grothendieck defined the notion of a module of dualizing differentials for
a complete local ring and proved some results on local duality for complete local
rings and some properties of a module of dualizing differentials, see [7]. In [8], the
theory of canonical modules for a general Noetherian local ring R was studied. We
recall the definition of the canonical modules of a Noetherian local ring (R,m) of
dimension n. A finitely generated R-module C is called the canonical module of R
if C ⊗R Rˆ ∼= HomR(H
n
m(R), ER(R/m)), see [8]. There are many unknowns about
canonical modules over general local rings, existence theorems are among those. In
[10], Reiten (and independently Foxby [5]) proved that a Cohen-Macaulay local ring
has a canonical module if and only if it is a homomorphic image of a Gorenstein
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local ring. Therefore, there exists a Cohen-Macaulay local ring which does not
have canonical modules. It is known that any two canonical modules of R are
isomorphic. Also, it is known that over a Cohen-Macaulay local ring R, a maximal
Cohen-Macaulay module C of type 1 and of finite injective dimension is a canonical
module of R.
Section 2 develops a variation of Grothendieck duality, namely duality over a
Cohen-Macaulay local ring. Let R be a Cohen-Macaulay local ring and K the
canonical module of the completion of R. The R-module K is not finitely generated
in general. Many facts that are valid for finitely generated modules are not valid
for K. But our achievement in this paper is that, K as an R-module has many
properties similar to canonical modules. We do this by applying some results of
H.B. Foxby [6], A.M. Simon [18] and R.Y. Sharp [15]. Simon [18] has established
analogies between complete modules and finitely generated ones. The purpose of
[15] is to show that balanced big Cohen-Macaulay modules (over an arbitrary local
ring R) have many of the properties of maximal Cohen-Macaulay modules. Foxby
[6] has established some properties of the depth of finitely generated modules for a
non-finitely generated modules.
One of the main result of this paper is
Theorem A (See Theorem 2.9) (Duality) Let (R,m) be a Cohen-Macaulay lo-
cal ring of dimension d, K the canonical module of the completion of R, and D the
functor HomR(−, K). Then
i)D takes balanced big Cohen-Macaulay R-module to balanced big Cohen-Macaulay
R-module.
ii) D takes exact sequence of balanced big Cohen-Macaulay R-modules to exact
sequence.
iii) There exists a natural transformation τ : −⊗R Rˆ −→ HomR(HomR(−, K), K)
such that τM sending m⊗ rˆ ∈M⊗R Rˆ to the map α֌ rˆα(m) for α ∈ HomR(M,K)
is an isomorphism when M is a maximal Cohen-Macaulay R-module.
The purpose of Section 3 and 4 is to present some characterizations of K. We do
this by characterizing the Gorenstein modules over Rˆ. Gorenstein R-modules are
those finitely generated R-modules for which the Cousin complex forM with respect
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toM-height filtration provides a minimal injective resolution (see [13]). R.Y. Sharp
obtained various characterizations and properties of Gorenstein modules in [13,
Theorem 3.1]. Note that, it is shown that in [14] that any Gorenstein Rˆ-module is
a finite sum of copies of K. First, we obtain some characterizations for complete big
Cohen-Macaulay modules (see Proposition 3.2). For complete big Cohen-Macaulay
modules of finite injective dimension a better characterization is provided:
Theorem B (See Theorem 3.4) Let (R,m) be a Noetherian local ring and M a
nonzero complete R-module. Then the following conditions are equivalent:
i) htM(m) = dim(R) and for every p ∈ suppR(M), µ
i
R(p,M) 6= 0 if and only if
i 6= htMp(pRp).
ii) µiR(m,M) = 0 if and only if i 6= dim(R).
iii) M is a big Cohen-Macaulay R-module with respect to a system of parameters
for R and M has finite injective dimension.
iv) depthR(M) = dim(R) and M has finite injective dimension.
v) injdimR(M) = depthR(M) = dimR(M) = dim(R) = depth(R).
Finally, we establish the following theorem
Theorem C (See Theorem 4.2) Let (R,m) be a Noetherian local ring of dimension
d and M a nonzero R-module. Then the following conditions are equivalent:
i) M is complete and big Cohen-Macaulay with respect to a system of parameters
x1, . . . , xd such that injdimRM and µ
d
R(m,M) are finite.
ii) M is a Gorenstein Rˆ-module.
iii) M is complete and for all Cohen-Macaulay R-module L of dimension t, we have
a) ExtiR(L,M) = 0 for all i 6= d− t, and
b) Extd−tR (Ext
d−t
R (L,M),M)
∼= L ⊗R F , where F is a finitely generated free
Rˆ-module.
2. The canonical modules of the completion of a Cohen-Macaulay
local ring
We begin this section, by recalling the definitions of the notion of depth, dimension
of an R-module M , and balanced big Cohen-Macaulay modules (recall that M is
not assumed to be finitely generated).
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Definition and Remark 2.1. Let (R,m) be a Noetherian local ring.
i) If M is an R-module, we define the dimension of M by
dimR(M) = dimR(R/AnnR(M)).
By the height htM(m) of an R-module M we mean the dimension of the support
SuppR(M) of M .
ii) In [6, Section 1], Foxby has established the concept of depth to any R-module
M by means of the formula
depthR(M) = inf{i ≥ 0 | Ext
i
R(R/m,M) 6= 0}.
For a nonzero M which is not finitely generated, it is possible for this depth to be
∞. If the R-module M satisfies mM 6= M , then depthR(M) ≤ htM(m) < ∞ (see
[6, Corollary 2.2]).
iii) (See [19, Definition 5.3.1]) Let M be an R-module with mM 6= M . Then
dpR(M) is defined to be the supremum of the lengths of all M-sequence contained
in m. Since R is Noetherian, dpR(M) < ∞. It is well known that if M is nonzero
finitely generated, then dpR(M) = depthR(M).
iv) Let M be an R-module with mM 6= M . Then, by ii) and [19, Proposition
5.3.7 (ii)],
dpR(M) ≤ depthR(M) ≤ htM(m) ≤ dimR(M) ≤ dim(R).
v) Let a1, . . . , an be a system of parameters (s.o.p.) for R. A (not necessarily
finitely generated) R-module M is said to be a big Cohen-Macaulay R-module with
respect to a1, . . . , an if a1, . . . , an is an M-sequence, that is if M 6= (a1, . . . , an)M
and, for each i = 1, . . . , n, ((a1, . . . , ai−1)M : ai) = (a1, . . . , ai−1)M . It will be
convenient to use abbreviation b.C.M. for big Cohen-Macaulay.
vi) Let a1, . . . , an be a system of parameters for R and letM be b.C.M. R-module
with respect to a1, . . . , an. Then there exists t ∈ N such that m
t ⊆ (a1, . . . , an)R
and a1, . . . , an is an M-sequence. So, mM 6=M . Hence, by iv), we have
dpR(M) = depthR(M) = htM(m) = dimR(M) = dim(R).
vii) An R-module M is called balanced big Cohen-Macaulay if every system of
parameter for R is an M-sequence (see [15, Definition 1.4]). It will be convenient
to use abbreviation b.b.C.M. for balanced big Cohen-Macaulay. In [15,16], it is
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shown that b.b.C.M. modules verify some of the properties of finitely generated
Cohen-Macaulay modules.
Lemma 2.2. Let (R,m) be a Cohen-Macaulay local ring and K the canonical module
of Rˆ. Then
i) K is complete with respect to m-adic topology.
ii) K is a b.b.C.M. R-module.
iii) injdimRK <∞.
Proof. i) The natural R-homomorphism θ : K −→ Kˆ is an isomorphism. This
follows from the fact that mnK = (mRˆ)nK for all n ≥ 0.
ii) Let x1, ..., xd be a system of parameters for R and let ψ : R −→ Rˆ be the
natural ring homomorphism. Then ψ(x1), ..., ψ(xd) is an Rˆ-sequence, because R is
Cohen-Macaulay. On the other hand, K is a maximal Cohen-Macaulay Rˆ-module,
and so x1, ..., xd is a K-sequence.
iii) This follows from the fact that any injective Rˆ-module is injective as an R-
module. Note that the injective dimension ok K as an Rˆ-module is finite. 
Simon [18] has shown that complete modules behave similar to finitely generated
modules in many respects. We summarize some important properties of complete
modules from [18] in the following remark.
Remark 2.3. Let (R,m) be a Noetherian local ring, and let M and N be two
complete R-modules. Then
i) If f : N −→M is a morphism between R-modules such that M = f(N)+mM ,
then f is surjective.
ii) For each R-module X , if ExtiR(X,M) 6= 0, then Ext
i
R(X,M) 6= mExt
i
R(X,M).
iii) injdimR(M) = sup{i | Ext
i
R(R/m,M) 6= 0}.
iv) If M has finite injective dimension, then injdimR(M) = depthR.
v) If R has a big Cohen-Macaulay module C and a complete module M of finite
injective dimension, then the ring R is Cohen-Macaulay.
To prove Theorem 2.9, we need the following five results.
Lemma 2.4. Let (R,m) be a Noetherian local ring andM an R-module of dimension
t ≥ 1 with mM 6= M (M not necessarily finitely generated). If there exists an M-
sequence x1, ..., xt, then
dimRM = dimR(M/x1M) + 1.
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Proof. It is clear that x1 ∈ R \ ZR(M) implies that x1 ∈ R \ ZR(R/AnnRM).
Hence, we have
depthR(M/x1M) ≤ dimR(R/(AnnR(M/x1M))) ≤ dimR(R/(AnnRM + x1R))
= dimR((R/AnnRM)/x1(R/AnnRM))
= dimR(R/AnnRM)− 1
= t− 1,
where the first inequality follows from [6, Corollary 2.2]. On the other hand, by [2,
Proposition 1.2.3 and Lemma 1.2.4], ExtiR(R/m,M/x1M) = 0 for all 0 ≤ i ≤ t− 2.
So depthR(M/x1M) ≥ t− 1. Thus, the assertion follows. 
Proposition 2.5. Let (R,m) be a Noetherian local ring.
i) Let C be a complete R-module of injective dimension s. If M is an R-module
and x1, x2, ..., xl an M-sequence, then Ext
j
R(M,C) = 0 for j > s− l.
ii) Let (R,m) be a Cohen-Macaulay local ring of dimension d and C a b.b.C.M.
R-module. If M is an R-module of dimension t, then ExtjR(M,C) = 0 for all
j < d− t.
iii) Let (R,m) be a Cohen-Macaulay local ring of dimension d, C a complete R-
module of finite injective dimension which is b.b.C.M. andM an R-module of dimen-
sion t ≥ 0. Let x1, x2, ..., xt be anM-sequence. If mM 6=M , then Ext
d−t
R (M,C) 6= 0,
x1, x2, ..., xt is an Ext
d−t
R (M,C)-sequence and the dimension of Ext
d−t
R (M,C) is equal
to t.
Proof. i) The proof is same as [2, 3.3.3(b)], by replacing Nakayama’s lemma by
Remark 2.3 ii).
ii) We set a = AnnRM . Since R is Cohen-Macaulay, we have
htR(a) = dimR − dimR/a = d− t.
Hence gradeR(a) = d − t, and so there exist x1, x2, ..., xd−t in a which is an R-
sequence. Consequently, x1, x2, ..., xd−t is a C-sequence in a. Therefore, by [2,
Proposition 1.2.3 and Lemma 1.2.4], we have ExtjR(M,C) = 0 for all j < d− t.
iii) We set Extd−tR (M,C) = N and use induction on t. Let t = 0. There exists a
system of parameters y1, y2, ..., yd of R in AnnR(M). So, by [2, Lemma 1.2.4],
ExtdR(M,C)
∼= HomR(M,C/(y1, y2, ..., yd)C).
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Since C/(y1, y2, ..., yd)C 6= 0 and (y1, y2, ..., yd)R ⊆ AnnR(C/(y1, y2, ..., yd)C),
we have m ∈ AssR(C/(y1, y2, ..., yd)C). Hence, there is an R-monomorphism
ϕ : R/m −→ C/(y1, y2, ..., yd)C. By viewing M/mM as a nonzero vector space
over R/m, we deduce that there is an R-epimorphism ψ : M/mM −→ R/m.
Hence ϕψpi : M −→ C/(y1, y2, ..., yd)C is a nonzero homomorphism in which
pi : M −→ M/mM is the natural R-epimorphism. So, ExtdR(M,C) 6= 0. Also,
AnnRM ⊆ AnnRN . Therefore, dimRN = 0.
Now suppose, inductively that t > 0. It is clear that m(M/x1M) 6= (M/x1M).
Now by Lemma 2.4, dimR(M/x1M) = t − 1. In view of i), ii) and the fact that
injdimR(C) = depth(R) = dim(R), the exact sequence 0 −→ M
x1−→ M −→
M/x1M −→ 0 induces the exact sequence
0 −→ N
x1−→ N −→ Extd−t+1R (M/x1M,C) −→ 0.
So that, by inductive hypothesis, Extd−t+1R (M/x1M,C) 6= 0, x1, x2, ..., xt is an N -
sequence and the dimension of Extd−t+1R (M/x1M,C) is t− 1. Also, since N 6= 0, it
follows from Remark 2.3 ii) that mN 6= N . So, by Lemma 2.4, dimRN = t, because
dimR(N/x1N) = t− 1. 
In the following we state a result without proof, since the proof is same as that
of [3, Proposition 21.12].
Lemma 2.6. Let (R,m) be a Noetherian local ring of dimension d, and C a b.b.C.M.
R-module. If M is an R-module and Ext1R(M,C) = 0, then for any R-sequence x
we have
HomR(M,C)/xHomR(M,C) ∼= HomR/xR(M/xM,C/xC)
by the homomorphism taking the class of map ϕ :M −→ C to the map M/xM −→
C/xC induced by ϕ.
Lemma 2.7. Let (R,m) be a Noetherian local ring, and letM and N be two complete
R-modules. Suppose that x ∈ m is a nonzero-divisor on M , ϕ : N → M an R-
homomorphism and ϕ : N/xN → M/xM is the R-homomorphism induced by ϕ.
Then
i) If ϕ is an epimorphism, then ϕ is an epimorphism.
ii) If ϕ is a monomorphism, then ϕ is a monomorphism.
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Proof. i) If ϕ is an epimorphism, then ϕ(N) + xM = M . The assertion follows
from Remark 2.3 i).
ii) Suppose that ϕ is a monomorphism, and let K = kerϕ. Then xK = K, by same
argument to the proof of [3, Proposition 21.13]. So K =
⋂∞
n=0 x
nK ⊆
⋂∞
n=0 x
nN .
But, since N is a complete R-module, we have
⋂∞
n=0 x
nN = 0, and so K = 0. 
Proposition 2.8. Let (R,m) be a Cohen-Macaulay local ring of dimension d and
K the canonical module of the completion of R. The following assertions hold.
i) HomR(H
d
m(R), ER(R/m))
∼= K.
ii) Hdm(K)
∼= ER(R/m).
iii) There is an R-isomorphism ψ : Rˆ −→ HomR(K,K) which is such that ψ(rˆ) =
rˆ idK, for any rˆ ∈ Rˆ.
Proof. i) By using the Flat Base Change Theorem for local cohomology, we
obtain
K ∼= HomRˆ(H
d
mRˆ
(Rˆ), ERˆ(Rˆ/mRˆ))
∼= HomRˆ(H
d
m(R)⊗R Rˆ, ERˆ(Rˆ/mRˆ))
∼= HomR(H
d
m(R),HomRˆ(Rˆ, ERˆ(Rˆ/mRˆ))
∼= HomR(H
d
m(R), ER(R/m)).
ii) In view of the Independence Theorem for local cohomology and [1, Theorem
11.2.8], we have Hdm(K)
∼= Hd
mRˆ
(K) ∼= ERˆ(Rˆ/mRˆ)
∼= ER(R/m).
iii) We have
HomR(K,K) ∼= HomR(K,HomR(H
d
m(R), ER(R/m)))
∼= HomR(K ⊗R H
d
m(R), ER(R/m))
∼= HomR(H
d
m(K), ER(R/m))
∼= HomR(ER(R/m), ER(R/m))
∼= Rˆ.
Here the third isomorphism comes from [1, Ex.6.1.9]. So, HomR(K,K) is complete.
Now, we prove this part by induction on d = dimR. When d = 0, R is complete,
and so we have the result by [2, Theorem 3.3.4(d)]. Now suppose that d > 0 and
the result has been proved for the smaller values. Let x ∈ m be a nonzero-divisor
on R. Then the module K/xK is the canonical module of Rˆ/xRˆ. Also, there exists
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a natural isomorphism Rˆ/xRˆ ∼= ̂(R/xR). Hence, by the inductive hypothesis, we
have an R/xR-isomorphism
θ : Rˆ/xRˆ −→ HomR/xR(K/xK,K/xK)
which is such that θ(rˆ + xRˆ) = rˆ idK/xK , for all rˆ ∈ Rˆ. It follows from Lemma 2.2,
Remark 2.3 and Proposition 2.5 i) that Ext1R(K,K) = 0. So, by Lemma 2.2 ii) and
Lemma 2.6, we have an R-isomorphism
f : HomR(K,K)/xHomR(K,K) −→ HomR/xR(K/xK,K/xK)
by the homomorphism taking the class ϕ : K −→ K to the map K/xK −→ K/xK
induced by ϕ. Let ψ : Rˆ/xRˆ −→ HomR(K,K)/xHomR(K,K) be the homomor-
phism induced by ψ. It is easy to see that θ = fψ. Hence ψ is an R-isomorphism.
The assertion follows from Lemma 2.7. 
Now, we are ready to prove one of the main results of this paper.
Theorem 2.9. (Duality) Let (R,m) be a Cohen-Macaulay local ring of dimension
d, K the canonical module of the completion of R, and D the functor HomR(−, K).
Then
i) D takes b.b.C.M. R-module to b.b.C.M. R-module.
ii) D takes exact sequence of b.b.C.M. R-modules to exact sequence.
iii) There exists a natural transformation τ : −⊗R Rˆ −→ HomR(HomR(−, K), K)
such that τM sending m⊗ rˆ ∈M⊗R Rˆ to the map α֌ rˆα(m) for α ∈ HomR(M,K)
is an isomorphism when M is a maximal Cohen-Macaulay R-module.
Proof. i) Let M be a b.b.C.M. R-module. Then, by Remark and definition
2.1 vi), mM 6= M and dimR(M) = d. So, the claim follows from Lemma 2.2 and
Proposition 2.5 iii).
ii) If 0 −→M ′ −→M −→M
′′
−→ 0 is an exact sequence of b.b.C.M. R-modules,
then we get an exact sequence
0 −→ HomR(M
′′
, K) −→ HomR(M,K) −→ HomR(M
′, K) −→ Ext1R(M
′′
, K).
Using Lemma 2.2, Remark 2.3 iv) and Proposition 2.5 i), we obtain Ext1R(M
′′
, K) =
0. So, we have the exact sequence
0 −→ D(M
′′
) −→ D(M) −→ D(M ′) −→ 0.
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iii) By Proposition 2.8 iii), there is an isomorphism ψ : Rˆ −→ HomR(K,K) which
is such that ψ(rˆ) = rˆ idK for any rˆ ∈ Rˆ. Also, we know that there is the natu-
ral transformation of functors σ : − ⊗R HomR(K,K) −→ HomR(HomR(−, K), K)
such that for each R-module M , (σM(m ⊗ f))(g) = f(g(m)), for m ∈ M , f ∈
HomR(K,K), and g ∈ HomR(M,K) (see [1, Lemma 10.2.16]). We define a natural
transformation of functors
τ : −⊗R Rˆ −→ HomR(HomR(−, K), K)
which is such that for each R-module M , τM = σM(idM ⊗Rψ). Let M be a maximal
Cohen-Macaulay R-module and let F1
g
−→ F0
f
−→ M −→ 0 be an exact sequence
where F0 and F1 are finitely generated free R-modules.
We consider the following cases:
Case 1. ker(f) 6= 0, ker(g) 6= 0. We consider two exact sequences
0 −→ ker(f)
ρ
−→ F0
f
−→M −→ 0,
0 −→ ker(g)
µ
−→ F1
g
−→ ker(f) −→ 0.
It is easy to see that ker(f) and ker(g) are maximal Cohen-Macaulay R-modules.
By the above facts, i) and ii), we obtain the following two exact sequences
0 −→ D(D(ker(f))) −→ D(D(F0)) −→ D(D(M)) −→ 0
and
0 −→ D(D(ker(g))) −→ D(D(F1)) −→ D(D(ker(f))) −→ 0.
Therefore, we have the exact sequence
D(D(F1)) −→ D(D(F0)) −→ D(D(M)) −→ 0.
We obtain the following diagram
F1 ⊗R Rˆ −→ F0 ⊗R Rˆ −→ M ⊗R Rˆ −→ 0

yτF1


yτF0


yτM
D(D(F1)) −→ D(D(F0)) −→ D(D(M)) −→ 0.
Now, by using [11, Lemma 3.59], we get that σF0 and σF1 are isomorphism and
therefore τF0 and τF1 are also isomorphism. So, τM is an isomorphism.
Case 2. Either ker(f) = 0 or ker(g) = 0. In view of the above argument, it is
obvious. 
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The following example shows that Theorem 2.9 iii) does not hold for b.b.C.M.
R-modules.
Example 2.10. Let (R,m) be a Gorenstein local ring of dimension zero and F a non-
finitely generated free R-module. Then the canonical module of R is R = ER(R/m)
and F is a b.b.C.M. R-module. Suppose that τF is an isomorphism. This means
that F is Matlis reflexive and so by [4, Proposition 1.3], we have an exact sequence
0 −→ L −→ F −→ A −→ 0,
where A is an Artinian R-module and L a finitely generated R-module. Therefore,
µ0R(m, F ) is finite. This is a contradiction.
The following corollary is a generalization of Theorem 2.9.
Corollary 2.11. Let (R,m) be a Cohen-Macaulay local ring of dimension d and let
K be the canonical module of the completion of R. For all integers t = 0, 1, . . . , d
and all R-modules M of dimension t which is such that mM 6= M and there exists
an M-sequence x1, . . . , xt we have
i) Extd−tR (M,K) is an R-module of dimension t and x1, . . . , xt is an Ext
d−t
R (M,K)-
sequence,
ii) ExtiR(M,K) = 0 for all i 6= d− t, and
iii)if M is finitely generated, then there exists an isomorphism M ⊗R Rˆ −→
Extd−tR (Ext
d−t
R (M,K), K) which in the case d = t is just the natural isomorphism
from M ⊗R Rˆ into the bidual of M with respect to K.
Proof. We obtain i) and ii) from Lemma 2.2 and Proposition 2.5.
iii) For t = d, the assertion follows from Theorem 2.9. By [9, page 140, Lemma
2(i)], we deduce that
Extd−tR (Ext
d−t
R (M,K), K)
∼= HomR/xR(HomR/xR(M,K/xK), K/xK)
for an R-sequence x of length d − t which is contained in AnnR(M). Since
dimR/xR(M) = t and dimR/xR = t, so M is a maximal Cohen-Macaulay R/xR-
module. The module K/xK is the canonical module of Rˆ/xRˆ. Therefore, by
Theorem 2.9 and above isomorphism, there is a natural isomorphism
M ⊗R/xR R̂/xR −→ Ext
d−t
R (Ext
d−t
R (M,K), K).
In view of R̂/xR ∼= Rˆ/xRˆ ∼= R/xR⊗R Rˆ, we obtain the result. 
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3. Some characterizations for complete big Cohen-Macaulay
modules of finite injective dimension
We need to recall some definitions.
Definition 3.1. Let R be a Noetherian ring and let M be an R-module.
i) The small support, or little support, of M denoted by suppR(M), is defined by
suppR(M) = {p ∈ Spec(R) | depthRp(Mp) <∞}.
It is clear that suppR(M) ⊆ SuppR(M); if M is finitely generated, then these two
sets are equal, but in general this need not be the case.
ii) A filtration of Spec(R) [16, 1.1] is a descending sequence F = (Fi)i≥0 of subsets
of Spec(R), so that
F0 ⊇ F1 ⊇ · · · ⊇ Fi ⊇ Fi+1 · · · ,
with the property that, for each i ≥ 0, each member of ∂Fi = Fi \Fi+1 is a minimal
member of Fi with respect to inclusion. We say that F admitsM if SuppR(M) ⊆ F0.
Suppose F is a filtration of Spec(R) that admits M . The Cousin complex C(F ,M)
for M with respect to F has the form
0
d−2
−→M
d−1
−→M0
d0
−→M1 −→ · · · −→Mn
dn
−→Mn+1 −→ · · ·
with Mn = ⊕q∈∂Fn(coker d
n−2)q for all n ≥ 0. The homomorphisms in this complex
have the following properties: for m ∈ M and q ∈ ∂F0, the component of d
−1(m)
in Mq is m/1; for n > 0, x ∈ M
n−1 and q ∈ ∂Fn, the component of d
n−1(x) in
(coker dn−2)q is x/1, where
− : Mn−1 −→ coker dn−2 is the canonical epimorphism.
The fact that such a complex can be constructed is explained in [16, 1.3].
In the following proposition, we obtain some characterizations for complete big
Cohen-Macaulay modules.
Proposition 3.2. Let (R,m) be a Noetherian local ring and M a nonzero complete
R-module. Denote by D(R) = (Di)i≥0 (resp. H(M) = (Hi)i≥0) the dimension filtra-
tion of Spec(R) (resp. M-height filtration of Spec(R)) i.e. Di = { p ∈ Spec(R) |
dim(R/p) ≤ dim(R)− i} (resp. Hi = { p ∈ SuppR(M) | htMp(pRp) ≥ i}). Then the
following conditions are equivalent:
i) M is a b.C.M. R-module with respect to an s.o.p. for R.
ii) dpR(M) = dimR(M) = htM(m) = depthR(M) = dim(R).
iii) depthR(M) = dim(R).
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iv) M is a b.b.C.M. R-module.
v) C(D(R),M) is exact.
vi) Both the complexes C(D(R),M) and C(H(M),M) are isomorphic and C(H(M),M)
is exact.
vii) C(H(M),M) is exact and htM(m) = dim(R).
Proof. i)⇒ ii) This is Definition and Remark 2.1 vi).
ii)⇒ iii) It is clear.
iii)⇒ iv) By [18, Proposition 10.1], for every p ∈ suppR(M), we have
depthR(M) ≤ depthRp (Mp) + dim(R/p) ≤ ht(p) + dim(R/p) ≤ dim(R).
Therefore, depthRp (Mp) + dim(R/p) = dim(R), for all p ∈ suppR(M). On the other
hand, since M is complete, we have mM 6= M. Now, by [20, Theorem 3.3], we
deduce that M is b.b.C.M.
iv)⇒ v) This follows from [16, Corollary 3.7].
v)⇒ vi) This follows from [17, Theorem 3.6].
vi)⇒ vii)M is b.b.C.M. by [16, Corollary 3.7]. Hence, by Definition and Remark
2.1 vi), we have htM(m) = dim(R).
vii)⇒ iii) Since M is a complete R-module, mM 6= M . Therefore by Definition
and Remark 2.1 ii), depthR(M) is finite, So m ∈ suppR(M). Hence, by [17, Corollary
3.5], we have depthR(M) = htM(m).
iv)⇒ i) It is clear. 
Lemma 3.3. Let (R,m) be a Cohen-Macaulay local ring and M a b.b.C.M. R-
module of finite injective dimension. Then, for every i > dimR(M), we have
µiR(m,M) = 0.
Proof. We prove the lemma by induction on depth(R). Let depth(R) = 0. Then
m ∈ Ass(R). Thus we get an exact sequence
0 −→ R/m −→ R −→ C −→ 0,
which implies the following exact sequence
ExtiR(R,M) −→ Ext
i
R(R/m,M) −→ Ext
i+1
R (C,M),
for each i ≥ 0. Let r = injdimR(M). If r > 0, then Ext
r
R(R,M) = 0, and
consequently ExtrR(R/m,M) = 0. Since dim(R) = 0, m is the unique prime ideal of
R. Hence injdimR(M) < r by [2, Corollary 3.1.12], which is a contradiction. The
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assertion follows from r = 0. Now suppose, inductively, that depth(R) > 0, and the
result has been proved for the smaller value. Since depth(R) > 0, there exists x ∈ m
which is an R-sequence and M-sequence. Since M is a b.b.C.M. R-module, M/xM
is a b.b.C.M. R/xR-module by [15, Lemma 2.3]. Therefore, in view of Definition
and Remark 2.1 vi), we have
dimR/xR(M/xM) = dim(R/xR) = dim(R)− 1 = dimR(M)− 1.
Also, it follows from [9, p. 140, Lemma 2(i)] that
ExtiR/xR(R/m,M/xM)
∼= Exti+1R (R/m,M),
for all i ≥ 0 and injdimR/xR(M/xM) < ∞. Thus, by inductive hypothesis, for
i > dimR(M)− 1 = dimR/xR(M/xM), we have Ext
i+1
R (R/m,M) = 0. The assertion
follows from this. 
We are now ready to state and prove the main result of this section.
Theorem 3.4. Let (R,m) be a Noetherian local ring and M a nonzero complete
R-module. Let D(R) (resp. H(M)) be the dimension filtration of Spec(R) (resp.
M-height filtration of Spec(R)). Then the following conditions are equivalent:
i) C(D(R),M) is a minimal injective resolution for M .
ii) C(H(M),M) is a minimal injective resolution for M and htM(m) = dim(R).
iii) htM(m) = dim(R) and for every p ∈ suppR(M), µ
i
R(p,M) 6= 0 if and only if
i 6= htMp(pRp).
iv) µiR(m,M) = 0 if and only if i 6= dim(R).
v) M is a b.b.C.M. R-module of finite injective dimension.
vi) M is a b.C.M. R-module with respect to a system of parameters for R and M
has finite injective dimension.
vii) depthR(M) = dim(R) and M has finite injective dimension.
viii) injdimR(M) = depthR(M) = htM(m) = dimR(M) = dim(R) = depth(R).
Proof. i)⇔ ii) This follows from Proposition 3.2.
ii) ⇒ iii) Let p ∈ suppR(M). We denote by H(M)p the filtration (Fi)i∈N0 of
Spec(Rp), where Fi = { qRp | q ∈ Hi and q ⊆ p}. Then, by [12, Theorem 3.5], we
have
C(H(M)p,Mp) ∼= C(H(M),M)p.
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So, injdimRp(Mp) ≤ htMp(pRp). On the other hand, since C(H(M),M) is ex-
act, it follows from [17, Corollary 3.5] that htMp(pRp) = depthRp (Mp). Therefore
injdimRp(Mp) = depthRp (Mp). This ends this part.
iii)⇒ ii) Use the notation
0
b−2
−→ M
b−1
−→ B0 −→ B1 −→ · · · −→ Bn
bn
−→ Bn+1 −→ · · ·
for the Cousin complex C(H(M),M). By, [17, Corollary 3.5], C(H(M),M) is exact.
Let n ∈ N0 and (coker b
n−2)q be the nonzero direct summand of B
n. It is enough
to show that (coker bn−2)q is injective as an Rq-module. Note that every injective
Rq-module is an injective R-module.
We have htM(q) = n and q ∈ SuppRM . Hence, by [17, Corollary 2.6],
(coker bn−2)q is Rq-isomorphic to H
n
qRq (Mq), the n-th local cohomology module of
Mq with respect to the maximal ideal of the Rq. Since H
n
qRq(Mq) 6= 0, qRqMq 6=Mq,
and so q ∈ suppRM . The minimal injective resolution
0 −→Mq −→ E
0 −→ E1 −→ · · · ,
induces the following complex
0 −→ ΓqRq(E
0) −→ ΓqRq (E
1) −→ · · · −→ ΓqRq (E
n) −→ ΓqRq (E
n+1) −→ · · · .
By the assumption, we have µiR(qRq,Mq) = 0 for i 6= n. We obtain ΓqRq(E
i) = 0
for every i 6= n. Therefore, we have
ΓqRq(E
n) ∼= HnqRq(Mq).
Hence, HnqRq (Mq) is injective as an Rq-module.
iii) ⇒ iv) The claim follows from the fact that m ∈ suppR(M) (see the proof of
Proposition 3.2 vii)⇒ iii)).
iv)⇒ v) By assumption and Remark 2.3 iii), depthR(M) = dim(R) = injdimR(M).
So, the claim follows from Proposition 3.2.
v)⇒ vi) This is clear.
vi)⇒ vii) This follows from Definition and Remark 2.1 vi).
vii) ⇒ viii) By Proposition 3.2, depthR(M) = htM(m) = dimR(M) = dim(R).
Also, we have depthR(M) ≤ injdimR(M). So
depthR(M) = htM(m) = dimR(M) = dim(R) ≤ injdimR(M).
The assertion follows from Remark 2.3 iv).
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viii)⇒ iii) Proposition 3.2 yields thatM is b.b.C.M.. Since depth(R) = dim(R),
R is Cohen-Macaulay and therefore R is catenary. Therefore by [21, Proposition
2.6], Mp is b.b.C.M. as an Rp-module. So, from Definition and Remark 2.1 vi),
depthRp(Mp) = htMp(pRp) = dimRp (Mp) = dim(Rp). On the other hand we know
that injdimRp (Mp) <∞. So by Lemma 3.3, µ
i
Rp(pRp,Mp) = 0 for all i > dimRp(Mp).
Therefore µiR(p,M) 6= 0 if and only if i 6= htMp(pRp). Note that µ
i
Rp (pRp,Mp) =
µiR(p,M) for all i. 
4. Some characterizations for finite type complete big
Cohen-Macaulay modules of finite injective dimension
In this section, we present some characterizations for a Gorenstein Rˆ-module M .
Lemma 4.1. Let (R,m) be a Noetherian local ring and M an R-module. Suppose
that x ∈ m is both R-regular and M-regular. Then:
i) If M is a b.b.C.M. R-module and injdimR(M) = depth(R), then
injdimR/xR(M/xM) = injdimR(M)− 1.
ii) µiR(m,M) = µ
i−1
R/xR(m/xR,M/xM) for all i ≥ 1.
Proof. i) By [19, Corollary 3.3.6(i)], we have injdimR/xR(M/xM) ≤ injdimR(M)−
1 = depth(R)− 1.
It is clear that M/xM is a b.b.C.M. as an R/xR-module. So, by Definition and
Remark 2.1 vi), we have
depth(R)− 1 ≤ dim(R/xR) = depthR/xR(M/xM) ≤ injdimR/xR(M/xM).
We can deduce the result from the above facts.
ii) This follows from [9, p. 140, Lemma 2(i)]. 
Now we are able to prove our main result of this section.
Theorem 4.2. Let (R,m) be a Noetherian local ring of dimension d and M a
nonzero R-module. The following conditions are equivalent:
i) M is complete and big Cohen-Macaulay with respect to a system of parameters
x1, . . . , xd such that injdimRM and µ
d
R(m,M) are finite.
ii) M is a Gorenstein Rˆ-module.
iii) M is complete and for all Cohen-Macaulay R-module L of dimension t, we have
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a) ExtiR(L,M) = 0 for all i 6= d− t, and
b) Extd−tR (Ext
d−t
R (L,M),M)
∼= L ⊗R F , where F is a finitely generated free
Rˆ-module.
Proof. i) ⇒ ii) Since M is a complete R-module and Mˆ is an Rˆ-module, M
has an Rˆ-module structure. From Remark 2.3 iv) and v), injdimR(M) = depth(R)
and R is a Cohen-Macaulay local ring. Also, Proposition 3.2 implies that M is a
b.b.C.M. R-module. Hence, by Lemma 4.1,
µdR(m,M) = µ
0
R/(x1,...,xd)R
(m/(x1, . . . , xd),M/(x1, . . . , xd)M)
and
injdimR/(x1,...,xd)R(M/(x1, . . . , xd)M) = injdimR(M)− d = 0.
Therefore, by Matlis decomposition theorem, we get the following R/(x1, . . . , xd)R-
isomorphism.
M/(x1, . . . , xd)M ∼= (ER/(x1,...,xd)R(R/m))
µd
R
(m,M).
Since ER/(x1,...,xd)R(R/m) is finitely generated as an R/(x1, . . . , xd)R-module, it turns
out that M/(x1, . . . , xd)M is a finitely generated R/(x1, . . . , xd)R-module. Now,
from the natural isomorphism
R/(x1, . . . , xd)R ∼= Rˆ/(x1, . . . , xd)Rˆ,
we conclude that M/(x1, . . . , xd)M is a finitely generated Rˆ/(x1, . . . , xd)Rˆ-module.
Thus, there exist m1, . . . , mt in M such that M = Σ
t
i=1Rˆmi +mM . It is easy to see
that M is complete as an Rˆ-module with respect to mRˆ-adic topology. Also, the
finitely generated Rˆ-module Σti=1Rˆmi is complete with respect to mRˆ-adic topology.
So, by Remark 2.3 i), we have M = Σti=1Rˆmi, that is, M is a finitely generated
Rˆ-module.
Let 0 −→ M −→ E• be an injective resolution of M as an Rˆ-module. Since any
injective Rˆ-module is injective as an R-module, we have
ExtiR(R/m,M)
∼= H i(HomR(R/m, E
•))
∼= H i(HomR(R/m,HomRˆ(Rˆ, E
•)))
∼= H i(HomRˆ(Rˆ/mRˆ, E
•))
∼= ExtiRˆ(Rˆ/mRˆ,M).
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Hence µiR(m,M) = µ
i
Rˆ
(mRˆ,M) for all i ≥ 0. On the other hand, by Theorem 3.4,
we have µiR(m,M) = 0 for all i 6= d and µ
d
R(m,M) 6= 0. So the claim follows from
[13, Theorem 3.11].
ii)⇒ iii) It is easy to see that M is a complete R-module with respect to m-adic
topology. Since M is a Gorenstein Rˆ-module, Rˆ is a Cohen-Macaulay ring by [13,
Theorem 3.11]. So R is a Cohen-Macaulay ring.
Let K be the canonical module of Rˆ. As Rˆ-modules, M is isomorphic to
⊕µd
Rˆ
(mRˆ,M)K by [14, Corollary 2.7]. So, the claim (a) follows from Corollary 2.11 ii).
We obtain
Extd−tR (Ext
d−t
R (L,M),M)
∼= Extd−tR (⊕µd
Rˆ
(mRˆ,M)Ext
d−t
R (L,K),M)
∼= ⊕µd
Rˆ
(mRˆ,M) Ext
d−t
R (Ext
d−t
R (L,K),M)
∼= ⊕
(µd
Rˆ
(mRˆ,M))
2 Extd−tR (Ext
d−t
R (L,K), K).
From Corollary 2.11 iii), we have
Extd−tR (Ext
d−t
R (L,M),M)
∼= ⊕
(µd
Rˆ
(mRˆ,M))
2(L⊗R Rˆ)
∼= L⊗R (⊕(µd
Rˆ
(mRˆ,M))
2Rˆ).
This ends the proof of b).
iii) ⇒ i) Let L = R/m. Since dimR L = 0, L is Cohen-Macaulay of dimension
zero. Then a) and Remark 2.3 iii) implies that depthR(M) = injdimR(M) = d, and
so by Proposition 3.2, M is b.b.C.M. On the other hand b) yields that
dimR/m(Ext
d
R(Ext
d
R(R/m,M),M))
is finite. We set V = ExtdR(R/m,M). Then V = ⊕i∈IFi such that Fi = R/m for all
i ∈ I. So, ExtdR(Ext
d
R(R/m,M),M) =
∏
i∈I Vi such that Vi = V for all i ∈ I. Thus
I is finite, and so dimR/mV is finite. The result follows as required. 
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